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Abstract-The effect of a frictional interface on the response of a unidirectional ceramic matrix
composite under a remote axial tensile strain and a temperature change is studied. The geometry of
the composite is approximated by a concentric cylinder model with an annular crack in the axial
plane of the matrix. The fiber-matrix interface follows the Coulomb friction law. On applying the
boundary and the interface continuity conditions, the solution is obtained in terms of coupled
integral equations and inequality conditions.

The extent of the interfacial damage and the stress fields in the fiber and the matrix along the
interface are studied for a SiC/CAS composite system as a function of the coefficient of friction,
temperature change, and remote uniform axial strain. These results are also compared with a shear
lag analysis model for an identical geometry and loading.

INTRODUCTION

Ceramic matrix composites are becoming attractive as load bearing structures for high
temperature and corrosive atmosphere applications. Although these composites have higher
ultimate strength and strain than monolithic ceramics, matrix cracking followed by inter­
facial failure is still a critical issue in their use.

Consider a unidirectional ceramic composite subjected to an axial strain along the
fiber direction. The cracks will first develop in the matrix owing to its lower failure strain
than that of the fiber. When a matrix crack reaches the interface of the fiber and the matrix,
the interface may open or slip. This opening/slipping of the interface blunts the crack and
slows and arrests the propagation of the crack. Although this blunting of the crack increases
the fracture toughness of the composite, the damage in the interface reduces the axial
compressive and transverse strength of the composite (Steif, 1984). Because of these con­
flicting effects ofinterfacial damage, it becomes important to understand fully the mechanics
of matrix fracture in ceramic matrix composites as a function of material, geometrical, and
loading parameters.

Axisymmetric three-dimensional failure mechanics models, which account for all equa­
tions of elasticity as well as assuming an imperfect interface, for the fracture in ceramic
matrix composites are reported in the literature. These include the work of Schweitert and
Steif (1991), Wijeyewickrema and Keer (1993), and Kaw and Pagano (1993). The interface
in all the above three studies is modeled differently.

Wijeyewickrema and Keer (1993) solved the problem of a composite cylinder made of
a solid cylinder (fiber) bonded to a surrounding hollow cylinder (matrix) of finite outer
radius. An annular crack was assumed in the matrix. The composite cylinder was subjected
to a remote uniform tensile strain. The interface included a slip zone and was assumed to
have a constant shear stress equal to the shear strength of the interface. This is a reasonable
assumption when the interfacial friction coefficient is small (Aksel et al., 1991).
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Kaw and Pagano (1993) solved for the same composite geometry as Wijeyewickrema
and Keer (1993). Kaw and Pagano (1993) included an imperfect interface in the composite
cylinder model but by approximating the interface by distributed shear springs of constant
stiffness. Their model included also the effects of temperature change.

Schweitert and Steif (1991) used a similar geometry to the above two studies except
for two differences. First, the outer radius of the matrix was assumed to be infinite. Second,
a penny-shaped crack was assumed in the fiber (solid cylinder) instead of the annular crack
in the matrix (hollow cylinder). The authors approximated the interface by the Coulomb
friction law. The composite geometry was subjected to a pressure on the crack surface and
a constant remote compressive radial stress. The pressure on the crack surface indirectly
represented the matrix axial stresses due to a remote uniform axial strain. The remote radial
stress indirectly represented residual stresses due to the mismatch of the linear coefficients
of the thermal expansion coefficient and the Poisson's ratio of the fiber and the matrix.

In the present study, several assumptions made in Schweitert and Steifs (1991) model
are relaxed as follows.

• The dilute fiber volume fraction assumption is replaced by a non-dilute fiber volume
fraction.

• The fiber crack is replaced by an annular matrix crack. Furthermore, the annular crack
does not necessarily have to be a through crack. It can be internal, edge, and/or
touching the interface.

• The stresses due to the thermal expansion mismatch of the fiber and the matrix can be
directly accounted for in the model.

These relaxed assumptions allow direct study of the combined effect of material,
thermomechanical loading, and geometrical parameters. In the sections to follow is the
formulation of the model. The effects of the coefficient of friction at the fiber-matrix
interface and the linear coefficients of thermal expansion of the fiber~matrix on the extent
of interfacial damage and the stress distribution at the interface under a thermomechanical
load are studied. These results are compared with an approximate model for an identical
geometry and loading. The approximate model is based on axial stresses being independent
of the radial co-ordinate similar to Gu and Mangonon's (1992) radially constrained matrix
model.

METHOD OF ANALYSIS

Geometry
The geometry of the composite cylinder consists of an infinitely long fiber bonded to

an annular matrix of finite outer radius (Fig. I). This concentric cylinder configuration can
be viewed as an approximation for the representative volume element of a unidirectional
composite reinforced by a hexagonal array of fibers. Following the work of Pagano and
Brown (1993), one may also consider embedding this damaged concentric cylinder in a
region that preserves the effective moduli of the uncracked material. In this manner, one
may estimate the effect of the initial damage in a local region of the composite.

The cylindrical coordinates are denoted by r, 8, and Z, and Ur and Uz are the radial and
axial displacements, respectively. The radial, axial, hoop, and shear stresses are denoted by
(J", (Jzz' (J08, and (Jrn respectively. The indices 0 and I stand for the fiber and the matrix,
respectively.

The fiber is approximated by a linearly elastic, isotropic, homogeneous, and infinitely
long solid cylinder of radius a, shear modulus Po, Poisson's ratio vo, Young's modulus
Eo = 2(1 + vo)Po, and linear coefficient of thermal expansion cxo. The matrix is approximated
by a linearly elastic, isotropic, homogeneous, and infinitely long annular cylinder of inner
radius a and outer radius c, shear modulus PI' Poisson's ratio VI' Young's modulus,
E1 = 2(1 +VI)Pb and linear coefficient of thermal expansion, CXI. An annular crack of length
e-d (a ~ d < e ~ c) in the z = 0 plane, at a distance of d-a from the interface is assumed
in the matrix. The fiber volume fraction is Vr = a 2

/ c2
.
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Boundary and continuity conditions
The composite cylinder is subjected to a monotonically increasing axial remote strain,

Eo, on the ends plus a constant temperature change, AT.
The imperfect interface between the fiber and the matrix follows the Coulomb friction

law and may have open, slip, and stick zones.
The length of the open zone is Zj, and the length of the slip zone is Z2-ZI' The kinetic

and static coefficients of friction are considered to be equal. The friction coefficient p is
assumed to be constant in the slip zone. The superscripts 0 and I denote the fiber and the
matrix, respectively. The traction continuity conditions at the interface between the fiber
and the matrix at r = a are hence given by :

(la)

(lb)

Furthermore, at the interface (r = a) between the fiber and the matrix, the zones are
governed by the following.
Open zone

The crack surfaces are traction-free as given by

constrained by the crack-opening condition

u)(a,z)-u~(a,z)> 0, 0 ~ Izl ~ Zl'

Slip zone
Radial contact is maintained:

and the shear stress is related to the radial stress through the coefficient of friction p:

(2a)

(2b)

(2c)

(2d)

(2e)

There needs to be a positive dissipation of energy in the slip zone implying the direction of
the shear stress and increment in axial slip as

(2f)

The variable t is a time-like parameter and is assumed to increase monotonically with
increasing remote axial strain, Eo. The constraining conditions include one that the radial
stress is compressive:

(2g)

Stick zone
The radial and axial displacements are continuous at the interface
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u?(a,z) = u;(a,z), Z2:::;; Izi < 00,

u~ (a, z) = u; (a, z), Z2:::;; Izi < 00,

(2h)

(2i)

constrained by a compressive radial stress

CT~,(a, z) < 0, Z2:::;; Izi < 00,

and the absolute value of the shear stress is such that it does not allow slip.
The boundary conditions at the matrix edge r = e are given by

u; (e, z) = u; T(e, z) + u;'(e, z), 0:::;; Izi < 00,

(2j)

(3)

(4)

where u; T is the radial displacement in the uncracked composite due to a temperature
change, AT and u;" is the radial displacement in the uncracked composite due to a remote
axial strain, eo (see Appendices A and B).

The boundary condition, eqn (3), results in the slope of the crack surface
au; (r, O)/orlr ~ e equal to zero for the edge crack problem (e = c). Moreover, at the edge
r = e, far away from the crack plane, this boundary condition, eqn (3), gives zero radial
stresses.

The shear stress in the composite cylinder at the crack plane z = °is

o-?Ar,O) = 0, r:::;; a,

o-;Ar,O) = 0, a:::;; r :::;; c.

The other boundary conditions at the crack plane z = °are

u~ (r, 0) = 0, r:::;; a,

u; (r, 0) = 0, a:::;; r < d, e < r :::;; c,

o-;,(r, 0) =0, d<r<e,

constrained by the opening of the transverse crack

u; (r, 0) > 0, d < r < e.

(5a)

(5b)

(6a)

(6b)

(6c)

(7)

Formulation
The solution for the above problem is obtained by a related boundary element method.

The composite cylinder geometry of Fig. I can be viewed as two auxiliary bodies, as shown
in Fig. 2.

The first diagram is that of a solid cylinder with unknown surface tractions on the
boundary r = a. The second diagram is that of a hollow cylinder with unknown surface
tractions on the inner radius r = b (b = a in the composite cylinder) an unknown slope of
the crack-opening displacement at z = 0, and known boundary conditions on the outer
radius r = e.

The complete displacement and stress fields of the solid cylinder (fiber) can be now
found in terms of the unknown surface tractions at r = a. For the hollow cylinder (matrix),
the complete displacement and stress fields can also be found in terms of the unknown
tractions at r = b and the unknown slope of the crack-opening displacement at z = O. Once
these field equations are obtained, the continuity and boundary conditions, eqns (1)-(7),
can be applied to find the solution in terms of coupled integral equations. These coupled
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Fig. I. Schematic of a representative volume element of a brittle matrix composite with a frictional

interface and annular matrix crack under a thermomechanicalload.

equations can then be solved numerically to find the stress/displacement field in the entire
composite geometry.

Field equations for the solid cylinder. The displacement/stress field for an axisymmetric
solid cylinder of radius a, shear modulus /10' and Poisson's ratio Vo and which has symmetry
about the z = 0 plane with boundary stresses

er7r(a, z) = So(z), 0 < z < 00,

er?z(a,z) = To(z), 0 < z < 00,

(8a)

(8b)

where So(z) and To(z) are absolutely integrable in (0,00), is given by;

2 foc fooM7(r,z) = - [klJr,s)-k~(r,s)]cossin(zs)ds To(t) sin (st)dt
n 0 0

2 foo foo+ - To (t) dt k'(; (r, s) cossin (zs) sin (st) ds
n 0 0

2 foc foo+ - [klier, s) - kfJ (r, s)] cossin (zs) ds So (t) cos (st) dt
n 0 0

2 foc foo+ - So (t) dt kli (r, s) cossin (zs) cos (st) ds,
n 0 0

i = 1, ... ,6, (9)
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Fig. 2. Schematic diagrams of fiber and matrix with unknown surface tractions and slope of crack­
opening displacement.

where M) = radial displacement, ur(r, z),
M 2 = axial displacement, uo(r, z),
M 3 = radial stress, (Jrr(r, z),
M 4 = axial stress, (Joz(r, z),
M s = shear stress, (Jrz(r,z),
M 6 = hoop stress, (Jeo(r, z),
cossin (zs) = cos (zs), if i = I, 3,4, 6,

= sin (zs), if i = 2, 5,
and k,;, k'(;, k 2;, kt are as given in Appendix C.

Field equationsfor the hollow cylinder. The displacement/stress field for an axisymmetric
hollow cylinder of inner radius b, outer radius c, shear modulus {l], and Poisson's ratio v],
symmetric about the z = 0 plane with boundary conditions

(J;r(b, z) = S, (z), 0 ~ z < 00,

(J;o(b, z) = T, (z), 0 ~ z < 00,

u;(c,z) = 0, 0 ~ z < 00,

(lOa)

(lOb)

(lOc)

(lOd)

{ll a ,
-I- ;:;- Uo(r, 0) = ¢(r), d < r < e,
-v) Ur

(lOe)

u~ (r, 0) = 0, b < r < d, e < r < c, (l0f)
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where S, (z) and T, (z) are absolutely integrable in (0, CX») and ¢(r) is integrable in (d, e), is
given by

M!(r,z) = I'" [pji(r,s)-p~(r,s)]cossin(zs)ds 1'" T,(t) sin (st)dt

+ I'" T, (t) dt L'" pfj (r, s) cossin (zs) sin (st) ds

+Ie Sj (t) dt 1'" p'f;(r, s) cossin (zs) cos (sf) ds

+I" [P2i(r, s) - p~(r, s)] cossin (zs) ds 1'" Sj (t) cos (st) dt

+ re

¢(t) dt fOO [P3i(r, s, t) - p~f (r, s, t) - p~f (r, s, t)] cossin (zs) ds
J, °

+L¢(t) dt L'" {[p~f (r, s, t) +p~f (r, s, t)] cossin (zs) ds

+NJr, t,z)}, i = 1, ... ,6, (11)

where P'i,pfj,P2i,P'f;,P3;,Pf! and Ni are as given in Appendix C.
The above stress and displacement field equations (9) and (11) for the solid and hollow

cylinder are restricted by the condition of absolute integrability of the tractions. These field
equations cannot therefore directly represent non-vanishing stresses and strains due to
temperature change and remote uniform strain as z ~ 00. However, the stresses as z ~ CX)

are independent of the matrix crack and interfacial friction (provided that Z2 is finite).
These stresses and displacements are those due to the temperature change and remote strain
in the undamaged composite cylinder. Hence the complete stress and displacement field of
the solid and the hollow cylinder in the presence of a temperature change and remote
uniform strain in the composite cylinder are given by :

ut(r, z) = M~ (r, z) +u((r, z) +u:'(r, z), j = 0, I, (l2a)

~(r, z) = Mi(r, z) +u{T(r, z) +u{'(r, z), j= 0, I, (l2b)

(J:r(r,z) = M~(r,z)+(J;;(r,z)+(J:~(r,z), j = 0, 1, (l2c)

(J{z(r, z) = M4 (r, z) + (J{~(r, z) + (J{:(r, z) , j = 0, 1, (l2d)

(J:zCr, z) = M~ (r, z), j = 0, 1, (l2e)

(JiJo(r, z) = M~ (r, z) + (J1J~(r, z) + (J1J'g(r, z), j = 0, 1. (l2f)

In the above equations (12), the second and third terms on the right-hand side are the
known stresses and displacements due to the temperature change, I1T, and axial remote
strain, 8o, respectively, in the undamaged composite cylinder and are given in Appendices
A and B. The superscript T corresponds to the effect of temperature change, I1T; the
superscript 8 corresponds to the effect of the axial remote tensile strain, 80.

Now, the interface and boundary conditions, eqns (1)-(7), can be applied to give
integral equations with So, To, S" T" and ¢ as the five unknown functions. These equations
can be solved simultaneously to find the five unknown functions. The numerical scheme to
find these functions is given in the next section.
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NUMERICAL SCHEME

The numerical scheme is discussed first for the case of an annular edge crack not
touching the interface (d> a, e = c). The changes required for the numerical scheme for
other cases follow at the end of this section.

Internal edge crack (d> a, e = c)
The application of the boundary and continuity conditions as given by eqns (1)-(7)

should give the values of the interface stresses, To, So, T], and Sj and the slope of the crack­
opening displacement function, 4>. This is done as follows.

Assume that the range of 0 < z < if) is divided into n unequal segments

To(z) = A,+B,z, W, < z < W'+I, i = 1,2 ... n-l,

So(z) = C+Diz, Wi<Z<Wi+), i=I,2 ... n-l,

T! (z) = Pi+ Q,z, W, < z < W,+], i = 1,2 ... n-l,

S, (z) = R,+S,z, w, < z < W,+!, i = 1,2 ... n-l,

= Sn/z3, Wn < Z < oc.

(l3a)

(l3b)

(l3c)

(I 3d)

The l/z3 behavior is assumed in the above stress expressions, eqns (13), in the last segment
because it simulates the behavior of a stress field as z becomes large (Schweitert and Steif,
1991).

Further assume that the range (d, e) of the crack is divided into m unequal segments
such that rl = d and rm+! = e, and

where

4>(r) = (Ui+ Vir)w(r), r, < r < ri+) , i = 1,2 ... ,m,

I
w(r) =--,

Jr-d

(l4a)

(l4b)

is the weight function denoting the singularity of the slope of the crack-opening dis­
placement at the crack tip (r = d). The problem hence reduces to finding the values of the
constants Ai, B;, C, D" Pi' Q;, R;, S" U" and Vi in eqns (13) and (14).

On substituting the expressions for the tractions and slope given by eqns (13) and (14)
in eqns (9) and (II), the radial and axial displacements at the interface (r = a) in the two
bodies 0 and 1, and the axial stress in body I on the z = 0 plane can be written as

11-1 11 n-l 11

u?(a,z) = L: A,xi1(z)+ I B,xi2(z) + I C,X'3(Z) + I D,X'4(Z), (l5a)
i= I 1=1 1=1 i= I

n-I n n- I 11

u~(a,z) = I A,x'5(Z) + L: B,X'6(Z) + I CiX i7 (z) + I D,xi8(Z), (l5b)
1=1 i= 1 i= I ;=1

n-1 n n-l n

u:(b,z) = I P,Yi1(Z)+ L: Qi Yi2(Z) + L: R'Y'3(z) + L: S'Y'4(Z)
i=1 i= I (=1 i= I

m m

+ L: UiYi5 (Z) + I V'yi6(Z), (l5c)
i= 1 i= 1
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n-l 11 n-l n

u;(b,z) = L PYn(Z) + L QiYiS(Z) + I. RiYi9 (Z) + L SiYilO(Z)
;=1 i= I i= I i= I
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m m

+ L UiY,II(Z)+ I. V,YiIZ(Z), (I5d)
i=l ;=1

n-l 11 n~ 1 11

O";z(r,O) = L PiZil (r) + I. QiZn(r) + L RiZiJ (r) + L SiZ i4 (r)
;=1 ;=1 i= I ;=1

m m

+ L UiZ i5 (r) + L ViZ i6 (r), (I5e)
i=l i= 1

where Xii and Y ii are functions of z, and Zi} is a function of r.
The interface zone (0 < Z < (0) and the crack zone (d < r < e) are divided into nand

m segments, respectively. The segment points along the interface zone are chosen as

(
i-I )Zl ZI

w· = - cos -- n - + -
I no 2 2 '

i = I, ... ,no,

i = no +ns + I, ... , n, (16a)

where Z I = length of the open zone,
Z z - Z 1 = length of the slip zone,
Z3 = maximum [n*zz,n*(c-b)+zzl,
n* = a number chosen large enough for the stress field to be (nearly) independent of Z

for Z > Z3' Note that Z3 = Wn-

The segment points along the crack surface are chosen as

e-d e+d
t/Ji = -2-Xi+ -2-' i = I, ... , m, (I6b)

where Xi = the ith root of the mth order Legendre polynomial equal to zero.
The above choice of segment points in eqns (I6) allows a concentration of segments

near the transition points, such as at the end of the open and slip zones, and at the transverse
crack tip. The segments no- ns, and nt are the number of segments in the open, slip, and stick
zones of the interface, respectively. Hence the total number of segments at the interface
(r = a) is

(17)

The collocation points along the interface (except the last one) and along the transverse
crack are chosen at the midpoint of the segments as

(I8a)

(I8b)

There are (8n-4+2m) unknowns, and one needs to set up the same number of
equations. These are generated as follows.
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1. The interface shear stresses To and T], the interface normal stresses So and S], and the
crack slope function ¢(r) are assumed to be continuous at all points. These points
include the segment points that give (2n +m - 3) equations.
Continuity of shear tractions along the interface at segment points OJi gives

Continuity of normal tractions along the interface at segment points OJi gives

C,+DiOJi+i =C'-<.-1+Di+1OJi+i, i=1, ... ,n-2,

(19a)

(19b)

(19c)

(19d)

Continuity of slope functions ¢(r) along the transverse crack at segment points l/Ji gives

(1ge)

Note that there are no singularities in the interface stresses if the interface follows the
Coulomb friction law.

2. The continuity conditions (1) of shear and normal tractions at r = a give (4n-2)
equations:

Ai=Pi, Ci=Ri, i=l, ... ,n-l,

B i = Q;, Di = Si, i = 1, ... , n.

3. The open zone condition, eqn (2a), of zero shear stress gives (no) equations as

Ai +Bll, = 0, i = I, ... ,no.

(20a)

(20b)

(21)

4. The open zone condition, eqn (2b), of zero normal tractions gives (no) equations as

(22)

5. The Coulomb friction law in the slip zone condition, eqn (2e), gives (n,) equations as

6. The radial displacement continuity conditions, eqns (2d) and (2h), in the slip and stick
zone gives (n,+n,) equations from eqns (15a) and (15c), as

n~ 1 n n- I n

2.: AiXii (n) + 2.: BiX'2 (nj ) + 2.: CX'3 (n) + 2.: D;Xi4 (nj )
1=1 1=1 i=] f=l

n-l n n-l n

- 2.: PiYi](n j ) - I Q..Yi2(nj ) - I R i y i3 (n) - I S'Y'4(n)
i= I 1=1 i= I i= I

m m

- 2.: U'Y'S(n)- 2.: Vi y i6 (n j ) = 0, j = no + 1, ... ,no (24)
i= I i=l

7. The axial displacement continuity condition, eqn (2i), in the stick zone gives (n t) equa­
tions from eqns (15b) and (15d) as
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n-l n n-l n

L A,X'5(Q;) + L B;X;6(Q) + L C,Xn(Qj) + L D iX i8 (Q)j
i= I i= I i=l i= 1

n- I n 11- 1 n

- I PYn(Qj)- I Q,Y,s(Q)- I R'Y'9(Q)- I SYllO(Qj)
i= I ;= I ;= 1 i= I

2137

111 m

- L ViYill(Q;)- I V,Y,dQ;) =0, j=no+ns+l, ... ,n. (25)
i=1 i= I

8. The traction-free crack surface condition, eqn (7), gives (m) equations from eqn (15e)
as

!I-I n n-) n

I P,Zll(O+ I Q,Z'2(0+ I R iZ i3 (O+ I S,Z'4((j)
;=1 i= I i= I i= 1

m m-I

+ I V,Z'5(0+ I V,Z'6(C) = -[a~oT(C,O)+(J";:(C,O)], j= l, ... ,m. (26)
i=1 i= I

9. Since u,(c, z) is a constant as given by eqn (3), the slope of the crack-opening dis­
placement (%r)uo(r, 0) at the outer edge (r = e) of the hollow cylinder is zero. From
eqns (10e) and (14a), we have

V",+cV", = O. (27)

The total number of equations (19)-(27) is (8n-4+2m). These are solved simul­
taneously to calculate the unknown functions. One can then substitute these values in eqn
(12) to find the displacements and stresses at any point in the composite cylinder.

The stress intensity factor (SIF) of the crack tip (r = d) is given by

According to Gupta (1973), the SIF can be written as

_ J11 . ~~ I __1_
K - ?(l ) hm 'V 2(r d):l Uo (r, 0) - M(V I + Vjd).

- -VI ,~d+ 0r ....;2

(28a)

(28b)

The crack-opening displacement uc(r, 0 +), d < r < c, at any point along the crack is
given by integrating the slope function as defined by equation (lOe) :

I-v f'uc(r, 0+) = __I ¢(r) dr
J11 d

1 v '" f"+1 '" f"+1
= :1 Ii~1 Vi" w(r) dr+ i~ Vi" rw(r) dr. (28c)

Edge crack touching the slipping or open interface (d = a, e = c)
This case is different from the previous one, since the edge crack is now touching an

interface that is slipping or open. The singularity at the crack tip vanishes in the slope
function ¢(r) (Dundurs and Comninou, 1979). Furthermore, since the hollow cylinder now
has a through crack, one needs both to establish equilibrium of forces and prevent any
rigid body displacements of the hollow cylinder. The following steps are taken differently
from eqns (13)-(27) to account for the above differences.
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1. Since the crack goes through the axial plane z = 0, the force equilibrium is enforced in
the axial direction in the hollow matrix cylinder. This is given by

(29a)

Substituting eqn (Bc) into eqn (29a), we obtain

The nth equation of eqn (25) is replaced by eqn (29b). Note that, in the cases studied
here, a = b.

2. The weight function of eqn (14b) is w(r) = 1, since the shear stress is antisymmetric and
zero at (r = b, z = 0). The absence of any singularities for relevant values of the elastic
moduli and friction coefficient, p, for ceramic matrix composites is discussed by Schwei­
tert and Steif (1991). If the interface is open at z = 0, singularities again do not exist in
the slope function ¢(r) (Lu and Erdogan, 1984).

3. Since the hollow cylinder has a through crack, it can have a rigid body displacement in
the z direction. The first (n-no-ns-l) equations ofeqn (25) are hence replaced by the
continuity of the axial displacement differences at the interface as

which gives

n-1 n n-l n

L A;Xis (OJ + L BXi6 (OJ) + L CXn (OJ + L DiXs (OJ
1=1 i= I i= 1 i=1

n~ 1 n n~ 1 n

- L AXis(Oj+\)- L BiX i6 (Oj+d- L C,Xn(Oj+\)- L D,XiS(Oj+\)
i= I i= I i=l i=]

n-1 n n- I n

- L P; Yi7 (OJ- L Q,YiS(OJ- L R,Yi9(Oj)- L SiYilO(OJ
i=1 i=] ;=1 i=l

m m

- L UiY;\\ (OJ) - L Vi Yi12 (OJ
i= I i= I

n-I n n-I n

+ L P;Yi7 (Oj+I)+ L Q;YiS(Oj+I)+ L R iYi9 (Oj+\)+ L SiY,IO(Oj+\)
i=1 i= I i=l i= I

m m

+ L U'yiI\ (OJ+\)+ L ViYil2 (0j+\) = 0, j = no+ns + 1, ... ,n-I. (30)
i= 1 i= I

4. The shear stress at z = z\ is exactly zero and is enforced by replacing the nth equation
of eqn (24) as !rz(b, z\) = 0:

(31)

Again, for the above case, there are (8n-4+2m) equations and an equal number of
unknowns.

The input remote strain 60 is required to satisfy all the inequality and sign conditions
of eqns (2c), (2f), (2g), (2k) and (7). In the procedure established, the strain 60 is changed
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iteratively until it satisfies all the inequality conditions for constant values of the length of
the open and slip zones. It is quite possible that a small range of strain 80 may satisfy all
the equations, including the inequality conditions. The correct 80 is selected by the unique
value, where the shear stress at the open-slip (z = zd and slip-stick transitions (z = Z2) is
smooth, that is:

or

(32a)

and

or

(33)

This smoothness of the shear stress at the slip-stick transition is implied by the asymptotic
analysis ofDundurs and Comninou (1979) at the slip-stick transition in a frictional interface
between two dissimilar elastic half-planes.

The crack-opening displacement u; (r, 0+), d < r < c, at any point along the crack is
given by integrating the slope function as defined by eqn (JOe):

1 v I'u; (r,O+) -u; (a, 0+) =~ ¢(r) dr
III d

I-v m m V.
= __I L Uj[ri+1 -rJ+I: -2' [r;+1 -r?]. (34)

III i~ 1 I~ I

Note that u; (a, 0+) can be calculated by using eqn (12), but it includes a rigid-body
displacement term. This constant rigid-body term can be found by knowing that

as per eqn (2i) and

as per eqn (6a).

u~(r,O)=O, O<r<a,

(35a)

(35b)

Closed crack in the matrix (d > a, e < c)
This case is again different from the internal edge case. The main difference is that the

crack is closed, and one needs to satisfy the crack closure condition for uniqueness of the
solution. The following steps are different for this case from those given by eqns (13)-(27).

Equation (27) is replaced by the closed crack condition

which gives

f ¢(r) dr = 0, (36a)
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i~1 Ui f+! w(r) dr+,tl Vi f+! rw(r) dr = 0, i = 1, ... , m,

1
w~) = .

J(r-d)(e-r)

(36b)

(36c)

For this case, there are (8n-4+2m) unknowns and an equal number of equations.
Hence the system of simultaneous linear equations can be solved.

The crack-opening displacement uz(r, 0+), d < r < e, at any point along the crack is
given by eqn (28c).

The stress intensity factors at the two crack tips (r = d) and (r = e) are found similarly
to eqn (28) as

and

J 1 (U 1 +V j d)
K(r = d) = lim 2(d-r)o-;z(r,0) = M ~ ,

Hd- ....; 2 e-d

. ~ I 1 (Um+Vme)
K(r = e) = hm ....; 2(r-e) (Jzz(r, 0) = - M ~.

He+ ....;2 ....;e-d

(37a)

(37b)

For each of the above three cases, the solution can be substituted in eqn (12) to obtain
the stress and displacement field in the fiber and the matrix.

The computer program for this study is computationally very intensive. For typical
values of 48 segments on the interface zone and lion the transverse crack surface, it takes
about 15 hours of CPU time on an IBM 3090 computer for calculation of the slip lengths,
and an extra 15 hours of CPU time for calculation of the critical stresses/displacements in
the composite geometry. Hence limited results are presented in this paper.

We have, however, taken advantage of the method described in this paper to return to
some of the intermediate results to solve the problem for different values of the remote strain,
80, temperature change, I1T, friction coefficient, p, and coefficients of thermal expansion, (xo

and (XI' This is done as follows. The most computationally intensive part of the computer
program is calculation of the elements of eqn (15) at the collocation points. However, once
the (8n-4+2m) equations are set up, the remote strain, 80, the temperature change, I1T,
the friction coefficient, p, and the coefficients of thermal expansion, (xo and (Xl, can be
changed in these equations. These parameters do not change the coefficient matrix elements
corresponding to eqn (15). Other elements of the coefficient matrix and the right-hand
sides, which do need to be changed, require only a few seconds of computational time.

RESULTS AND DISCUSSION

The numerical scheme presented in this study was tested as follows. Extensive con­
vergence studies were made to find the number ofcollocation points to be used. In addition
to numerical tests such as recovering applied stresses on the two bodies, comparisons with
some exact models were also made. These tests included comparing the stress intensity
factor for a small edge crack under uniform pressure, p, which is p J2(e - d) (Sneddon,
1951). For edge cracks comparable with the thickness, (c- b), of the hollow cylinder inside
the matrix, the results for the stresses and the stress intensity factors compared well with
Figs 11-14 of the paper by Wijeyewickrema and Keer (1991). For an actual numerical
comparison, an independent computer program was written for the problem solved by
Wijeyewickrema and Keer (1991) by using numerical methods reported by Kaw and Pagano
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Fig. 3. Normalized slip length as a function of the negative of the ratio of the remote matrix axial
stress to the remote interfacial radial stress for constant coefficients of friction.

(1993). The results of the present model agreed within ± 5% of the numerical results of
Wijeyewickrema and Keer (1991).

The SiC (silicon carbide)/CAS (calcium aluminosilicate glass ceramic) material system
with the following elastic properties is used to discuss the results. These values were taken
from the experimental work of Daniel et al. (1989).

Silicon carbide fiber:
Eo = 207GPa
va = 0.25.

Calcium aluminosilicate glass matrix:
E 1 = 98GPa

VI = 0.25
Vf = 0.4.

Only cases with slip and no open zone, and d = a, e = c, are considered in this study.
This is because, for cases in which both types of zone are possible, there are two variables,
the length of the open zone and the length of the slip zone, which need to be found iteratively.
Finding these two variables is computationally possible with the current computer program
but would require a prohibitive amount of computational time. Furthermore, the Poisson's
ratios are equal in the fiber and the matrix in the SiC/CAS material system, but the present
model does allow unequal Poisson's ratios of the fiber and the matrix.

Figure 3 shows the normalized slip length, Lja as a function of the ratio of the negative
value of the matrix axial stress to the interfacial radial stress (ARS),

(38)

for a constant coefficient of friction. The reason for choosing the abscissa as the ratio of
the stresses ARS is because any combination of temperature change, remote axial strain,
and linear coefficients of thermal expansion of the fiber and the matrix that result in the
same stress ratio (ARS) will result in the same slip length. Also note that the remote axial
strain, eo, is the applied mechanical strain, and there is a separate contribution to the normal
strain in the z-direction that is due the temperature change, f't..T.

In Fig. 3, the slip length increases monotonically with an increase in stress ratio, ARS,
and decreases monotonically with an increase in coefficient of friction. Note that the slip
length was also found (not shown) to be a monotonically increasing function of the remote
axial strain since the stress (J;,' (a, z) = 0 for equal values of the Poisson's ratio of the fiber
and the matrix in the SiC/CAS material system used here.

SAS 32-15-B
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for constant coefficients of friction.

In Fig. 3, the value of ARS = 1.641 corresponds to zero remote axial strain. It is
important to note that, at this value of ARS, a slip zone has already been created at the
interface owing to the residual stresses.

The slip lengths obtained from this model are compared with those obtained by using
an equivalent Gu and Mangonon (1992) type of model. The equivalent Gu and Mangonon
(1992) model is developed by using the same boundary conditions and thermomechanical
loads as those given in this paper. The assumptions that are different in their model are:

(i) The axial stresses (O"zJ in the fiber and the matrix are independent of the radial co­
ordinate;

(ii) the stick zone condition of continuous axial displacements, eqn (2i), is replaced by a
shear and normal stress relationship:

(39)

where

(40)

and p* is called the "fictitious" coefficient of friction. Equations (39) and (40) satisfy the
continuity of shear and radial traction at the slip-stick transition point, Z = Z2. It also
satisfies the condition of vanishing shear stresses as z -+ 00.

Figure 4 shows the ratio of the slip lengths obtained from Gu and Mangonon's (1992)
type of model and the present model as a function of the stress ratio, ARS, for constant
coefficients of friction. The ratio of the two slip lengths approaches unity as ARS increases,
which may be an indication that, for large slip lengths, the predictions from the two models
are the same.

The following properties are additionally assumed in order to discuss the results in
Figs 5-10;

CXo = 3.5 x IO-6 m!mrC,
CX l = 6.5 x 1O-6 m!mj"e,

!'J.T= -IOOOe.

The main assumption in Gu and Mangonon's (1992) model is that the axial stresses
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Fig. 6. Interfacial radial and shear stresses as a function of the normalized axial location for constant
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(a zz ) are independent of the radial co-ordinate. However, if one looks at Fig. 5, where the
fiber axial stresses at the crack plane (z = 0) are plotted as a function of the normalized
radial co-ordinate, ria, one can see that this assumption is not valid. The stresses, however,
remain fairly constant far away from the interface and far away from the crack plane. One
may point out that, as the slip length increases, the stress concentration factor in the fiber,
SCF, defined as

SCF = M~(a-,O)!(J~;:(r, 00), (41)

decreases and may be an indication that, for large slip lengths, Gu and Mangonon's (1992)
model and the present model give similar results.

In Fig. 6, the interfacial compressive radial and shear stresses are plotted as a function
of the normalized axial location, z/a, for constant slip lengths (or constant remote axial
strain). The radial stress increases rapidly to the remote radial stress at the interface. Note
the small effect of the increasing slip length (increasing remote strain) on the interfacial
radial stresses.

The interfacial shear stress in the slip zone follows the same pattern as the interfacial
radial stress, since they are linearly related in the slip zone. At the end of the slip zone, the
shear stress decays rapidly to zero. Note that the maximum interfacial shear stress is
insensitive to increasing slip length (increasing remote strain).
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The results from Fig. 6 for p = 0.3 and for other low friction coefficients (not shown
here) make the assumption of constant shear stress for a low friction coefficient used in
other models (Wijeyewickrema and Keer, 1993) reasonable. However, one should note that
a constant shear stress assumption gives logarithmically singular fiber axial stresses at the
crack tip (r = a, Z = 0) (Wijeyewickrema and Keer, 1993), whereas the Coulomb friction
law gives large but finite fiber axial stresses at the crack tip (Schweitert and Steif, 1991).

Figure 7 shows the axial stresses along the fiber and the matrix sides of the interface
as a function of the normalized axial location for constant slip lengths. The axial stresses
in the fiber are tensile near z = 0 (the crack plane) and then become compressive for higher
zla values, reaching the value of the remote axial stresses. Note that these stresses include
the contribution from temperature change. The fiber axial stresses are greater as the slip
length (remote axial strain) increases, which is expected. The matrix axial stresses start at
zero in the crack plane and reach the value of the remote axial stresses at the end of the
slip zone. Hence it is important to realize that the sliding interface response to the initial
matrix crack does not tend to promote additional matrix cracks by assuming a maximum
tensile stress failure criterion for the matrix. However, this does not preclude the appearance
of random sites of matrix cracking.

Figure 8 shows the hoop stresses along the interface as a function of the normalized
axial location, zla, for constant slip lengths. The hoop stresses in the fiber along the interface
are compressive and almost constant. The effect of slip length (remote axial strain) is very
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small on the hoop stresses in the fiber. The hoop stresses in the matrix are tensile and
increase away from the transverse crack plane until they reach a constant value that equals
the value of the remote hoop stresses. For larger slip lengths, the matrix hoop stresses
increase in magnitude and reach the constant value of the remote matrix hoop stresses
rapidly.

In Fig. 6 and Fig. 8, the radial and hoop stresses at the interface approach the remote
stress values irrespective of the (finite) slip length (or remote axial strain). This is because
the radial and the hoop stresses due to the remote axial strain in the uncracked composite
cylinder are zero when the Poisson's ratio of the fiber and matrix are equal (Appendix B).
The remote hoop and radial stresses are thus only dependent on the constant temperature
change,l1T.

In Fig. 9, the axial stresses in the fiber and matrix are plotted as a function of the
normalized radial location for constant values of z in the composite cylinder with a nor­
malized slip length of L,ja = 4. The axial stresses in the fiber and the matrix become nearly
independent of the radial co-ordinate away from the crack plane. At zla = 6, the axial
stresses are nearly equal to the remote axial stresses. It is also important to note that, for
zla = 4, the axial stresses are not constant in both the fiber and the matrix. This again
reinforces the conclusion from Fig. 4 that the assumption of radially independent axial
stresses made by Gu and Mangonon (1992) is valid only away from the crack plane and
the slip-stick transition zone.

Figure 10 shows the normalized opening-crack displacement profiles as a function of
the normalized radial location in the matrix, ria, for constant slip lengths. The curves start
at the value of the axial displacement at the interface and increase rapidly to a constant
value.

CONCLUSIONS

The following observations are made for the SiC/CAS material system with a frictional
fiber-matrix interface under thermomechanical loading, in which the critical assumption
that am > (Xf has been made. The Poisson's ratio of the fiber and the matrix have also been
assumed to be equal, and the stick zone is assumed to be of infinite length.

I. The length of the slip zone is a linearly increasing function of the remote mechanical
load and a linearly decreasing function of the coefficient of friction. The length of the
slip zone is dependent only on the non-dimensional parameter of the ratio between
the remote matrix axial stress and the remote radial stress at the interface. Different
combinations of temperature difference, remote axial strain, and linear coefficients of
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thermal expansion of the fiber and the matrix may result in the same value of the
above-mentioned non-dimensional parameter.

2. The axial stresses in the fiber and matrix are fairly independent of the radial co­
ordinate away from the transverse crack plane and the slip-stick transition zone.

3. Only for large slip lengths are the predicted lengths of the slip zone similar in the
present model and the shear-lag analysis type of model of Gu and Mangonon (1992).

4. The shear and the radial stresses in the slip zones are fairly constant for low coefficients
of friction and may validate models assuming constant shear stress in these cases.
These stresses are also nearly independent of the remote mechanical load.

5. The maximum tensile axial and hoop stresses in the matrix are equal to the respective
axial and hoop stresses in the uncracked composite cylinder. Hence it is important to
realize that the sliding interface response to the initial matrix crack does not tend to
promote additional matrix cracks if a maximum tensile stress failure criterion is
assumed for the matrix. However, this does not preclude the appearance of random
sites ofmatrix cracking. One should also note in this regard that the crucial assumption
made here is of the purely frictional interface (no intrinsic strength) and an infinitely
long stick zone.

6. The crack-opening displacement approaches a constant along the radius away from
the interface.
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APPENDIX A

Uncracked stressfieldf()rfiher and matrix under thermal loading for a perfect interfacial hond
The stress field for a composite cylinder in a state of generalized plane strain (0, = constant) under a

temperature change ~T only is given by (Hseuh and Becher, 1988, 1989)

where

(J:'/(r, z) = AB,

(Jg,;(r. z) = AB,

(J0l(r, z) = A C,

<J~/(r, z) = 0,

11 _ a'(c' -r')AB
<J" (r, _) = ,

r'(c'-a')

IT _ a'(c 2 +r')AB
(Jill! (r,_) = - ,

r'(c' _a')

IT() f AC<Jcc r, z = - I -f '

r
u~ T(r, z) = ~ [<J,\l<r, z) - v, «J;/ (r, z) +(J"(r, z))] + r:XI~T,

u'T(r,z) = :, [(JI/(r,z)-vl«J;,T(r,z)+(J(;f;(r.z))]+Z:XI~T,

(AI)

(A2)

(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(AlO)

(All)

(AI2)

(AI3)

(AI4)



2148 A. K. Kaw el al.

(AI5)

{= fiber volume ratio (a'lc'),
:x, = thermal expansion coefficient of matrix,
:xo = thermal expansion coefficient of the fiber.

APPENDIX B

Uneracked slress/ieldfiJr/iher and matrix undcr unifiJm1 axial slrain/ar a per{eci inter{acial hand
The stress field for a composite cylinder in a state of generalized plane strain subjected to a uniform remote

axial strain Go (Chawla, 1987) is

where

a:~'(r, z) = - A',

0:::,(1'. z) = - A,

a:~(r, z) = 0,

U
o,(. -) - ~ [(J"'(I' -) - \' «(J"'(I' -) +(J"'(I' -i)]r ,. - - E. r!IJ • - (l IT • - ::::' - •

"
u"'(r, z) = "oZ,

a' ( C')'(J;:(r,z) = --- 1-· -. A',
c' -a' r'

a' ( C')'(J,l;, (I', z) = -.- 1+- A',
('~ -(/ r~

(J,':(r, z) = 0,

u"(r. z) = I:"Z,

(BI)

(B2)

(B3)

(B4)

(B5)

(B6)

(B7)

(B8)

(B9)

(BIO)

(BII)

(BI2)

A'
2,:" V, (v, - v,,)

Vo/kp ] + VI /k{Jo + ]/J-~I •

2(1-+-1'0)(1-2\'0)'

(B13)

(BI4)

APPENDIX C

Integrands in inregral expressions fiJI' Ihe displaccmenls and stresses in solid and /zolloll' cylinders
The expressions for k li and k" in egn (9) are given by

kr,=IE,j(r,s)/,,(s), 1=1.2 and i=I,2,3,4,5,
i= 1

:Xi;!;' = ;oli, .i = 1.2, i = I. 2 and I = I. 2.

(BI5)

(BI6)

(CI)

(C2)
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all = J,(as),

a" = asIo(as)+2(1-vo)I,(as),

a" = -fo(as)+I,(as)i(as),

a" = (21'0 -I)fo(as) - (as) 1, (as),

~)Il = }':!2 = ---;-. }'12 = ~~'21 = o.
S

E" = - -2
1

.1" J, (rs) e ia -"."
110
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(C3)

(C4)

E51 = s' J, (rs) e ia

E., = S3 [2(2 - vo)fo (rs) + rsI, (rs)] e-ia-,j"

£" = s'[rsJ;,(rs)+2(1-vo)I,(rs)]e- ia -,j"

J;(x) = e'!,(x),

(C5)

(C6)

where I,(x), i = 0, I, is the hyperbolic Bessel's function.
The above expressions have been obtained by solving the boundary value problem with boundary conditions

given by using Love's stress functions (Wijeyewickrema and Keer, 1991), defined for the axisymmetric torsionless
infinite solid cylinder. The reason for writing the expressions in the form of eqn (9) is that one can reduce the
double integrals to single integrals by a judicious choice of the unknown traction functions So and To, and also
by reducing the parameter k;~ as a product of e-ia-,j, and terms of order s-' and higher.

The kli terms are evaluated by finding kY; in closed form as .I' --> en by using the asymptotic expansion for
I,(x) for large values of x as (Abramowitz and Stegun, 1970, p. 377)

(
i)-I (<5-1)(0-9) ) e'

I,(x) = 1--- + - ... --
8x 2(8x)' ..)211X

The expressions for Pli, P", and P3' in eqn (II) are given by

i=0,1,2,0=4i'. (C7)

k1i =L£,,(r,s)/,,(s), 1=1,2 and i=I,2,3,4,5,
j= I

a,,j;;=~'i1, i=I,2, i=I,2 and 1=1,2.

all = I, (as)

a" = asIo(as) +2(1- 1'0)1, (as)

a" = -Io(as) +1, (as)!(as)

a" = (21'0 - I )J;, (as) - (as)I, (as)

E" = - -2
1

s' J, (rs) e- ia -""
lio

J;(x) = e-'!,(x).

4

Ph = L F,)(r,s)y);(s), 1= 1,2,3 and i= 1,2,3,4,5,6,
/= I

/J"y/,=l ,[, j=I,2,3,4, i=I,2,3,4, and 1=1,2,3,

SAS 32-15-C

(C8)

(C9)

(CIO)

(CII)

(CI2)

(CI3)

(CI4)

(CI5)
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1
"1='''=-'

s'

1,/=0. j=I,2, 1=1,2,3,4,

h,(S.I)'i) =---. i = I. 2. 3, 4.
s "I

f3'1 = II(hs)e

f3" = [hsJ;;'(hs) +2(1-1', )f,(hs)] e-I,-n",

f3'J = -K;(hs),

f>'4 = -hsK,;(hs)+2(1-I'I)K;(hs).

Pel = [-!;;(hs)+f,(hs)!(bs)]e""",

/322 = ~[(l-2VI)~(bs)+bs:TI-(bs)]e {, hls

P" = -[K~(bs)+K;(h.\·)i(hs)L

P24 = (I-2I',)K,,(bs)-hsK,(hs),

Pll = - ];'(es),

fi" = -esIo(es).

#.n = K
1
(cs) e (, - h).I'

(CI6)

P'4 = esK,,(cs) e-"-hi'.

fi 4 , = I, (es).

P4e = esIo(cs)+2(1-I',)II(es).

P41 = -K,(es)e " hi,.

P44 = [-esK,,(es)+2(1-\',)K I(es)]e

F" = rs!o(rs)e",-n.

F'J = K I (1'.1) e,ih II.

F'4 = rsK" (rs)s' e'ih' II

F" = [4(1-I',)Io(rs)+rsI,(rs)] c

{c- 1»\ (CI7)

Fe4 = [rsK,(rs)-4(1-I',)K;;(r.I))e"/> "

F'1 = [-!;;(rs)+I,(rs)i(rs)]e-"'''.

F" = [(2110 - 1)1" (rs) - 1'.1'1, (1'.1')] e"'-",

F1J = [lG)(rs) + K;(rs)!(rs)] c"n ",

F'4 = [(1-2\'1 )Ko(rs) -rsK;'(rs)) e'I/>·n

F43 = K,,(rs)e"/> n.

F44 = [-2(2-I',)Ko(rs)+rsK)(rs)]e"n I)

FSI =I,(rs)e-""",

F" = [rs]I;(rs)+2(1-I',)]~(rs)]e ,', "

FSJ = K;'(rs) e"/""),

F'4 = [2(1-I'I)K;'(rs)-rsK,,(rs)]e"h-l l ,

21" (1-1',) .
Fhi = I' r,/+I', (F'J+ F4/), i= 1.2.3,4, (CI8)
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K,(x) = e' K,(x),

where K,(x), i = 0, I are the Bessel's functions of the second kind.

p, Ii
rjJ(r) = -- -::;-M,(r, 0), d < I' < e.

I-v, or

h, (t, .1') = -.I [bslo(bs)K, (ts) -lsi, (bs)Ko(ts)] e- U- h
)"

. - .[ I. [2(1-1',)] ] -U-b).,h,(t . .1') - -.I' 1.1'/0 (bs) Ko(ts) + 10(bs)K, (IS) - T/' (bs)Ko(ts) - bs+ --b-s- I, (bs)K, (IS) e ,

h, (I, .1') = -.1'[ -/.1'/0(ts)K, (cs) +n/, (ts)Ko(cs) + 2(1 - v, )/, (ts)K, (cs)l e-(.-T)"

h4(t, .1') = -s[ -1.1'/0(ts)K, (cs) - cs/, (ls)Ko(cs)] e- k - n"

N4 (r, I,::) = 1[/0 , +::Id, :: > 0,

m(r, I) - I m(r, I)
= +--, ::=0,

1-1' 1+1'

m(r,/) = EG} I' < I,
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(CI9)

(C20)

(C21)

I' (I) I' _I" (I)
=i E ~ +-r-I- K ~ ,

N,(r,I,::) = 1::/",

I' > I,

I" = rip I e 'P J, (pt)Jj(rp) dp.
..10

(C22)

(C23)

Equation (II) was obtained by using the expression given for stresses and displacements in an infinite isotropic
hollow cylinder (Erdol and Erdogan, 1978) and applying the boundary conditions given by eqn (10). The integrals
in eqn (C23) can be simplified in terms of the elliptic integrals of the first, second, and third kinds. The parameters
p'!i are evaluated by finding PI, as .I' -+ ex; by using the asymptotic expansion for li(x) as given by eqn (CI4) and
Ki(x) for large values of x as (Abramowitz and Stegun, 1970, p. 377):

(
3-1 (6-1)(3-9) ) e-'

K,(x)= 1+-
8
-+ + ... 1)-' i=O,I, 3=4i2

.

x 2(8x)' v _TCX

The parameters p~~ and PJT are asymptotic values of p,,(r, .I -+ :x]) as I' -+ band r -+ c, respectively.

APPENDIX 0

(C24)

Formulas usedfor Ihe slresses in Ihefiber and malrix due 10 crack
From Abramowitz and Stegun (1970, pp. 709, 907) and Gradshetyn and Ryzhik (1965, p, 590), we have

where Q,(w) is the associated Legendre function,

m;) I,

(01)

(02)
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where
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2
Q,,(W) = wyK(y)- -E(y),

y

Q_'2(w)=yK(y),

dK(y) E(y) K(y)

~= y(1-y')-Y

dE(y) E(y) - K(y)

dy y

K(y) = f' [I-y' sin' (e)]-li' de,

E(y) = J:!2 [I-y' sin' (e)]'·2 de,

(03)

(D4)

(D5)

(D6)

(07)

(D8)

(D9)

(DIO)

K(y) is the complete elliptic integral of the first kind, and
E(y) is the complete elliptic integral of the second kind.

The integrals in eqns (D9) and (DIO) are evaluated by using the IMSL (1987) routines, DELK and DELE,
respectively. Note the difference between the definitions of the elliptic integrals in eqns (D9) and (DIO) and that
given in the IMSL (1987) manual.

We also have (Byrd and Friedman, 1971, pp. 8,251)

rx
IJo e-OPJo(rp)J, (pt) dp = ](-2 [E(k)F(f3, k')+ K(k)E(f3, k') - K(k)F(f3, k)]),

where F(x, y) is the normal elliptic integral of the first kind, and
E(x, y) is the normal elliptic integral of the second kind,

F(x,y) = r- [I-y' sin' (ew " de,
Jo

E(x, y) = fa' [1- y' sin' (e)]" de,

k" = I-k',

q, = (z'+r'+t')'-4r't', q, = z'+r'-t',

q, =z'+r'-t', q6 =z'-r'+t'.

The integrals in eqns (DI2) and (D13) are evaluated by using the adaptive Simpson's one-third rule.

(DlI)

(Dl2)

(D13)

(Dl4)

(DIS)

(DI6)

(DI7)

(Dl8)

(DI9)
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APPENDIX E

Formulas used to simplify equations (9) and ( 11 )

d
m f" . d'" [COS (as)-cos (bS)]
~ sm (sz) dz = ~ ,

ds'" " ds m s

d m fh d'" [sin (bs) - sin (as)]- cos (sz) dz = - ,
dsm

u ds'" S

2153

(EI)

(E2)

f
x sin (sz) dz

II Z3

f
eD cos (sz) dz

(j Z3

sin (sa) s cos (sa) s' .--+ -7-- + - +sl(as),
2a' _a 2

cos (sa) s sin (sa) s' .)
--- + --- + - + Cl(as ,

2a' 2a 2

(E3)

(E4)

where

n I' sin (t)si(x) = - - + --dt,
2 0 t

I'COS(t)-1
ci(x) = C+ In (x) + dt,

o t

(E5)

(E6)

where C = 0.577 215 664 901532860606512 (Euler's Constant),

d" IX d" ( a )- e·-a., cos (st) ds = - -- ,

do" 0 da" a' + t'

d" IX d" ( t )- e-"'sin(st)ds=- -- .
dan 0 do" a' + t2

(E7)

(E8)

For large values of (as), eqns (E3) and (E4) do not give accurate results. In these cases, Filon's method of
integration (Davis and Rabinowitz, 1984, p. lSI) was used as follows.

f
h'

u f(t)cos(kt)dt '" h {Gt[f(b*) sin (kb*)-f(a) sin (ka)] + pC,,, +yC',,_I,

f
b'

a f(t) sin (kt) dt '" h {-Gt[f(b*) cos (kb*)-f(a) cos (ka)] +PS2,,+/S',,_1 ,

Gt = (82 +8sin(8)cos(9)-2sin' (9»/8',

p = 2[8{l+cos2 (8») -2 sin (8) cos (8)]/8 3
,

/ = 4{sin(9)-8cos(8)}/93
,

8 = kh,

h = (b*-a);(2n),

"-I

C'n = ~f(a) cos (ka) + I f(a+ 2ih) cos {k(a+ 2ih)} +~f(b) cos (kb*),
1=1

C 2n - 1 = I f{a+2i-l)h} cos[k{a+(2i-l)h}],
i= 1

"-I

5'n = -~f(a) sin (ka) -~f(b*) sin (kb*)+ I f(a+ 2ih) sin {k(a+ 2ih)},
i= I

"S'n_1 = I f{a+ (2i- l)h) sin [k{a+ (2i-l)h)].
1= I

A value of b* = aiM was chosen as the upper limit after taking into consideration the following:

(E9)

(EIO)

(Ell)

(EI2)

(EI3)

(EI4)

(EI5)

(EI6)

(EI7)

(EI8)

(EI9)
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I
' I IX III I~ sin (st) dt ~ ~ dt = -:;

" t "t 2a-

J~h'I~1 dt = ~ - -~.
u t' I 2a' 2b*'

(E20)

(E21)

Thus the maximum relative error le,1 in eqn (E21) is given by

a'
Ie. I =~.

b*'

Thus, for a given relative error of En the upper limit of integration b* is given by b* = ajJ e,.

(E22)


